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Abstract. The rise of the internet and social networks has posed new
challenges in studying people’s behavior on these platforms. People tend
to trust or align with a small group of users, leading to the development
of viral marketing techniques to effectively propagate information about
products or services. This has led to the definition of problems related
to social influence maximization/minimization and dominance sets. The
Minimum Positive Influence Dominating Sets (MPIDS) problem involves
finding a minimum cardinality dominance set to influence an entire social
network. For a vertex to be influenced, at least half of its neighbors
must be in the dominance set. Considering that MPIDS is an A/P-hard
problem, where exact approximations are impractical due to the size of
social networks, this work proposes using Basic Variable Neighborhood
Search (BVNS). Given an initial solution generated by a constructive
method, this metaheuristic consists of two phases: a shaking and an
improvement phase. In the shaking phase, the solution is modified by
removing and reconstructing it using a randomized greedy approach. The
improvement phase involves an innovative local search strategy based
on generating holes, which removes the §-neighborhood of a vertex to
facilitate a greedy solution reconstruction.

Keywords: Social network influence - Metaheuristics - Basic Variable
Neighborhood Search + Minimum Positive Influence Dominating Sets

1 Introduction

Social Influence Maximization (SIM) problems have been extensively studied
in the context of viral marketing, where consumers sequentially influence their
social relationships to purchase a product [4]. Some related work shows that
interactions between users in a social network can be used to prevent the spread
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of diseases [8], conduct viral marketing campaigns [11], show recommendations
in e-learning software [17], study social relationships [7], and prevent tobacco or
other substance abuse [25]. For these problems, we seek to identify those users
who accelerate or reduce the diffusion of influence in the network [12,13,21].

The Minimum Positive Influence Dominating Set (MPIDS) seeks the small-
est set of users to influence an entire social network. This problem was formally
defined in [26] where it was shown to be an N'P-hard problem for general graphs.
Also, in the scope of these problems, a social network is formally modeled as an
undirected graph G = (V, E). Each edge (u,v) € E has two ends u and v, indicat-
ing that these users are connected, hence one user has a relationship with another
and can influence him/her in the represented social network. Furthermore, we
define N(v) as the set of vertices adjacent to v, i.e., {u € V : (u,v) € E}.

Given an undirected graph G = (V, E), a Positive Influence Dominating Set
(PIDS) tries to find a set of vertices D C V such that at least half of the
neighbors of any vertex lie in D, i.e., [DNN(v)| > |[N(v)|/2 Yv € V. Specifically,
the goal of the MPIDS problem is to obtain a dominant set of positive influence
with minimum cardinality. Lin et al. [10] defined the following linear integer
programming model 1.

sty @ > PN(;Z')W VieV (1)

z; € {0,1} VieV

Binary variables x; € {0,1} are assigned to each vertex i € V, where z; =1
indicates that vertex 7 is selected, while z; = 0 implies the opposite. On the
other hand, the main constraint forces any feasible solution to have the necessary
vertices selected so that all vertices v; € V' have at least half of their neighbors
selected in D.

The main drawback is the size of today’s social networks, which makes math-
ematical models unable in some cases to even provide a feasible solution. For
this reason, there are different greedy or heuristic approaches in the literature.

First, Wang et al. [26] proposed a greedy algorithm that, at each iteration,
selected the vertex that could influence a larger number of vertices, with an
algorithmic complexity of O(|V'|3). Later, Raei et al. [20] defined the parameter
cover-degree to prioritize certain vertices for the greedy criteria reducing the
time complexity to O(|V|?). Subsequently, the Fast Greedy Algorithm (FGA)
presented by Pan et al. [19] followed the same greedy strategy but propagating
through the neighborhood of the last dominated vertex and prioritizing domi-
nance over vertices that do not satisfy the constraint, reducing the complexity to
O(|V| log|V|+ |E]). The Improved Greedy Algorithm (IGA-PIDS) [3] is based
on FGA and uses the parameter need-degree in addition to cover-degree to pri-
oritize vertices. It also performs a pruning of the network at the beginning to
obtain those vertices that must always be dominated, and a final sieve to not



Solving the MPIDS Problem in Social Networks Using Metaheuristics 3

dominate redundant vertices in the dominance set at the end of the algorithm
execution. The latter proposal obtains higher quality solutions than FGA, while
maintaining a time complexity of O(|V| + |E|).

On the other hand, different metaheuristic algorithms for the problem can
be found in the literature. One of the first proposals was the ILPMA memetic
algorithm by Lin et al. [10], which presented the mathematical formulation of
the problem, in addition to proposing a Tabu Search to perform local optimiza-
tions on the dominance set. The first variant of a Construct, Merge, Solve and
Adapt (CMSA) algorithm, proposed by Akbay and Blum [1], generated sev-
eral solutions, then mixed them and performed several iterations using auxiliary
adaptive structures to vary the generation of dominance sets. These structures
were replaced by a variable n, denoting the number of solutions generated in
each iteration, which was incremented upon finding a solution with the same
value of the objective function and reset upon finding a better solution in a later
self-adaptive variant of that algorithm [2]. Then, the Iterated Carousel Greedy
(ICG) [23] algorithm replaced the Tabu Search of [10] with an iterative process
of destruction and reconstruction of the dominance set. Finally, the FastPIDS
algorithm of Sun et al. [24] proposes several reduction rules for dominance set
generation, as well as reusing the need-degree function from the literature. Also,
the algorithm combines a greedy construction using a hybrid criteria with a local
search based on vertex swapping, combined with a two-level satisfaction judg-
ment mechanism. This mechanism uses two propositions to learn which partial
dominance sets are promising and which are not to add new vertices to this
set using the hybrid heuristic. The FastPIDS algorithm is currently the best
performing algorithm according to the literature, so we will use it to compare
against our proposal.

This paper presents a heuristic approach to provide quality solutions to the
MPIDS problem with reduced computational time. A Basic Variable Neigh-
borhood Search (BVNS) algorithm [18] has been designed, proposing a novel
improvement based on creating holes in the solution and then applying an intel-
ligent reconstruction of the dominance set.

The article is organized as follows. The design of the proposal is carried
out in Sect. 2, which also describes the constructive stage and the improvement
phase using the local search process. Section 3 presents the results obtained in
the different experiments performed. These will be compared with the results of
the best existing algorithm for the MPIDS problem to make a fair comparison.
Finally, Sect.4 mentions the conclusions reached with the development of this
work and future work.

2 Basic Variable Neighborhood Search

The Variable Neighborhood Search (VNS) metaheuristic was proposed by Mlade-
novi¢ and Hansen in 1997 [18] as a systematic approach to explore multiple neigh-
borhoods in optimization problems. Its main contribution lies in two key ideas:
considering diverse neighborhood structures during the search and systemati-
cally switching between them to escape local optima. The algorithm alternates
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phases of exploration (shaking) and exploitation (local search), progressively
expanding the search radius. Thanks to this strategy, VNS effectively balances
intensification and diversification, allowing it to explore promising regions of the
solution space efficiently.

The pseudocode corresponding to the BVNS metaheuristic is presented in
the Algorithm 1 where increasing neighborhoods are reached through the Shake
operator, ensuring systematic diversification [6]. It requires as input the network
G, together with the parameters «, ¢ (refer to the descriptions below), the max-
imum execution time t,,,, and the maximum number of neighborhoods k4.
The procedure starts with a trivial initial solution that contains all vertices V'
(line 1). Then, a main loop is executed as long as the time limit is not reached
(line 2).

In each iteration, an initial solution is generated through the Construct pro-
cedure, which uses « as a randomness parameter (line 3). Subsequently, this solu-
tion is improved by means of a local search with depth vertex removal parameter
d (line 4) and the neighborhood index k is initialized (line 5). From this solu-
tion, the characteristic BVNS process is repeated until variable k reaches the
value of parameter k,q, (line 6): increasing neighborhoods are reached through
the Shake operator, which perturbs the current solution according to the neigh-
borhood index k (line 7). Then, local search is applied again to intensify the
generated solution (line 8) and it is decided whether to advance to a more dis-
tant neighborhood or to restart from the first one (line 9).

This process allows us to escape from local optima in a systematic way
by exploring different neighborhood structures. When the algorithm reaches
k > kmax, if the solution D obtained in the BVNS process is better than the
best known solution D, (line 11), D, is updated with the new dominance set
(line 12). Finally, after running out of execution time, the best solution found
Dy, is returned (line 15).

Algorithm 1. BVNS (G, @, 6, tmax, kmax)
1: Db —V
2: while time < tiax do
3: D« Construct(G, a)
D « LocalSearch(D, )
k—1
while k < kpax do
D' — Shake(D, k, )
D' — LocalSearch(D’,$)
9: k <+ NeighborhoodChange(D, D', k)
10:  end while
11:  if |D| < |Dy| then
12: Dy — D
13:  end if
14: end while
15: return Dy
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Since the constructive process may cause the proposed solution to contain
vertices that are not necessary to satisfy the constraints of the problem, a refine-
ment process has been added. This process runs through the vertices added to
the dominance set to check which ones can be removed while maintaining a fea-
sible solution. For a vertex d to be considered redundant and therefore removed
from the solution, the following constraint must be satisfied:

IN(w) " D| > [N;”W Vo € N(d)

Therefore, the method will go through all the vertices belonging to the solu-
tion and eliminate those that meet the above restriction.

2.1 Constructive Procedure

The constructive phase seeks to obtain an initial solution starting from an empty
solution and using a greedy criteria to select the candidate vertices to add to the
dominance set.

The criteria followed in this work is based on the degree |N(v)| of each of
the vertices v € V. In the constructive phase, it is necessary to evaluate the
contribution of each of its vertices with a greedy criteria. Influence problems
in social networks use datasets with millions of users, for that reason, a simple
greedy construction is used for generating an initial solution before the BVNS
procedure. Therefore, the constructive procedure iteratively adds the vertex with
the largest degree to the incumbent solution until it becomes feasible.

Before this, it is important to note that some of the reductions proposed by
Sun et al. [24] have been applied, which allow us to determine whether certain
vertices should belong or not to the solution for different characteristics of the
vertices shown below. The first reduction shows that, if a leaf vertex has only
one parent vertex, in order to obtain a feasible solution it is necessary that the
parent is always in the set D. Meanwhile, in case of having a vertex structure
forming a triangle between the relations, it will be necessary that the solution
D contains two of the three vertices, leaving the third out of it.

2.2 TImprovement Process

The novel proposal in this work consists of a local search based on the generation
of holes (see Algorithm 2) called Piercing Local Search (PLS). This method is
proposed with the objective of eliminating vertices from a certain region of the
solution. After performing the elimination, the solution will be reconstructed in
an intelligent way to obtain better solutions.

The algorithm iterates until it finds no improvement in the entire solution
set or reaches the runtime limit (lines 1 to 3). The iteration starts looking
for some improvement for a vertex of the dominance set (line 4). To this new
solution, the piercing process (line 5) is applied, which will be detailed later in
Algorithm 3. Subsequently, the solution is reconstructed using the same greedy
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criteria described in the constructive procedure (Sect.2.1) (line 6). Finally, those
redundant vertices are removed (line 7) as in Algorithm 1 and, if the obtained
solution is better than the previous one (line 8), the best solution is updated
(line 9), starting the search again (line 11). Otherwise, it continues searching for
an improvement over the next vertex in the set D.

Algorithm 2. Improve (D, ?)

1: improve «— TRUE

2: while improve and time < t;q, do
3 improve <— FALSE

4 for allv € D do

5: D' — Pierce(D,v,d)

6 D" « Reconstruct(D")

7 D" «— RemoveRedundant(D")
8 if |D"'| < |D| then

9: D «— D"

10: improve < TRUE
11: go to 3

12: else

13: D' — D

14: end if

15:  end for

16: end while
17: return D

In Algorithm 3 the pseudocode of the piercing process is presented, which
aims to pierce a dominance set D’ by eliminating several vertices starting from
an initial vertex v, avoiding to eliminate those previously fixed by the reduction
rules. During this process, all vertices that are § levels deep from vertex v in
the network will be eliminated, the neighborhood with § = 1 being the set {v}.
In this procedure, if the last expansion level has not been reached (line 1), the
vertex v is removed (line 2) and for each of the adjacent vertices (line 3) the
algorithm is called with a lower expansion level (line 4), since the level that
would correspond to vertex v has been calculated in line 2. Finally, the pierced
dominance set D is returned (line 7).

Algorithm 3. Pierce (D,v,d)
1: if § > 0 then

2: D« D\{v}

3 for all u € N(v) do

4: Pierce(D,u,d — 1)
5

6

7

end for
: end if
: return D
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Starting from the incomplete solutions, the dominant set will be recon-
structed by adding the necessary vertices to make it feasible using the greedy
degree-based heuristic described in Sect. 2.1.

To graphically illustrate the method, Fig. 1 shows examples of the improve-
ment phase of the implemented BVNS process. The different components of this
figure show a social network represented as a graph with 9 vertices and 12 edges
at different times of the piercing phase. These vertices are identified with dif-
ferent colors where each color represents a different state. The green ones are
those included in the solution set by the constructive method, the black ones
are those fixed by the reduction rule of the leaf vertices, and the gray ones by
the reduction rule related to the triangles. Meanwhile, the white vertices are not
in the solution and the red ones would be excluded by the triangle reduction
rule [24]. Finally, orange indicates the initial vertex of the PLS propagation and
yellow those affected by the piercing process.

The initial solution proposed by the constructive phase of Fig.la has an
objective function |D| = |{vg,v2,vs,vs,v7,v8}| = 6. Applying PLS on vertex
v7, vertices {v1,ve,v7,vs} are affected, which are removed from the solution set
(Fig. 1b). It should be noted that vertex ve should also be affected, but it is not
as it is marked as fixed by the reduction of the leaf vertices. After subsequent
greedy reconstruction of the solution set (Fig.1c), a new solution is obtained
such that |D| = [{vg, v1,va, v5,v7} = 5, which would be a solution of minimum
cardinality for the MPIDS problem.

2.3 Shake Procedure

To enhance the efficiency and exploration of the method of the method, the
shaking phase is employed, drawing inspiration from the principles of VNS [18].

a) Example of a solution given by an ini- Propagatlon of the PLS with § = 2.
tlal construction.

& NGV

(c) MPIDS solution after PLS.

Fig. 1. Instance composed of 9 vertices and 12 relations, before (a), during (b) and
after (c) of the PLS process.
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In this context, the shaking phase involves generating a solution D’ from a
predefined neighborhood Ni (D) of the current solution D. The purpose of this
generation is to effectively perturb the solution, thereby enabling the search to
escape local optima and explore different regions of the solution space, preventing
cycles that could arise from deterministic rules [18]. In this specific implemen-
tation, the parameter k defines the number of nodes removed from the current
dominating set solution. This process moves the solution to a perturbed state
D’ from which a new local search can begin. Following this removal, the solution
is then intelligently reconstructed.

This reconstructive method will be referred to as the Randomized Greedy
Algorithm (RGA). Specifically, the RGA will use the o parameter to determine
a subset of vertices, selecting among them the candidate with the highest degree.
Here, the a parameter controls the degree of randomness of the method. Specif-
ically, a value of @ = 1 would denote a fully greedy criterion (since it would
evaluate all candidates in the RCL), while a value of @ = 0 would define a fully
random one (since it would only evaluate one candidate at random).

First, we generate a list of vertices NF formed by those vertices that do not
yet fulfill the feasibility function such that

NF = {ve V:|N(w) N D| < PN(U)H

2

It is important to note that, for a solution to be feasible, it is necessary to
achieve that NF = (), which defines the stopping criteria of the constructive
method.

Next, a random element v is chosen from NF, and the candidate list CL that
can become part of the solution, formed by N(v)\ D, is generated, with D being
the solution under construction.

Once the CL is available, the restricted candidate list (RCL) is created. While
in the traditional scheme this list includes the most promising candidates, in
the proposal of this work it uses a fraction « of candidates randomly obtained
from the CL, which are the only ones evaluated afterwards. The reason for this
modification is that, given the size of the social networks, the evaluation of all
candidates from the CL would require a high computational time. The next
vertex to be added to the solution will be the one with the highest degree, i.e.,
maz.crcr|N(c)|. Candidates will continue to be added until the original vertex
v meets the feasibility constraints, at which point it will be removed from NF
and a new candidate will be chosen.

3 Experimental Results

This section discusses the results obtained in the various experiments carried out.
The designed algorithm has been executed on 196 instances collected from the
literature, obtained from public repositories such as Stanford Network Analysis
Project (SNAP) [9] and Network Repository [22].
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Table 1. Instance characteristics

Metric Total Average | Min. Max.
Size (B) |33 304 329 818|170 791 434 | 492 4 311 190 746
# Vertices 415 204 269 2129 253 34 59 216 211
# Edges 2100 272 636 | 10 770 628 | 78| 261 321 071

Table 1 lists the main characteristics of these instances. A statistical sum-
mary of three key metrics is included: size in bytes, number of vertices and
number of edges, along with their total, average, minimum and maximum val-
ues. Overall, more than 415 million vertices are considered, where some networks
are extremely small (34 vertices), while the largest exceeds 59 million vertices.
Meanwhile, more than 2.1 billion edges are recorded, where the smallest network
contains 78 connections, while the largest one exceeds 261 million edges.

The designed experimentation consists of two phases and has been performed
on a server virtual machine with an AMD EPYC 7282 (2.8 GHz) processor using
a single core, 128 GB of RAM, Ubuntu Server 20.04, and Java 21. The first phase
includes a preliminary experiment performed on a diverse subset of instances
(Sect. 3.1), whose purpose is to define the best parameter values for the algo-
rithm. To avoid overfitting the parameter settings [5], this subset is obtained
from the selection of 25% of the available instances. The second phase consists
of a final experimentation to validate the best configuration against the state of
the art (Sect. 3.2).

All experiments have been evaluated using the same metrics, including: Aver-
age, which represents the mean of the objective function value of all instances for
an algorithm; Time (s), which indicates the average execution time in seconds;
Dev. (%), which shows the mean of the percentage deviation of the objective
function versus the best known value of the experiment for each instance; and
# Best, which indicates the number of best solutions found in the experiment.
Also, the best of the values in each of these metrics in each experiment has been
indicated in bold in each of the tables in this section.

It should be noted that, in the literature, authors establish a stopping criteria
of one hour to obtain a solution for some of the instances and 1000s for others.
For this reason, in the experimentation carried out, the execution time of the
proposed algorithms has been limited to one hour.

3.1 Preliminary Experiments

Table 2 allows us to analyze the contribution of the different approaches studied:
i) a single random construction of the solution (Random); ii) multiple random
runs limiting the execution time to one hour (Random (3600s)); iii) a single
greedy construction (Greedy); and iv) a greedy construction with redundant
vertex elimination (Greedy™).
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Table 2. Comparison of random and greedy constructions.

Algorithm Average | Time (s) | Dev. (%) | # Bests
Random 776363.86 3.13 23.23 0
Random (3600s)| T76157.63 | 3600.00 19.02 3
Greedy 650048.98 2.74 20.44 1
Greedy* 621659.84 2.87 0.42 46

It can be seen how the greedy criteria used is suitable for this problem, since
it is able to obtain one of the lowest average values of the objective function
and a low deviation in a very short time, compared to the randomized algorithm
that uses more than 3000 s. The deviation of this run is particularly noteworthy,
because even obtaining a reduction of more than 100000 vertices in the Average
metric, it obtains a slightly higher value than the algorithm Random (3600 s).
This is due to the large difference in the sizes of the instances, since a difference
of 3 or 5 vertices shows between 20% and 30% deviation from the best, while to
reach that deviation in large instances there must be a difference of 0.5 million
vertices. Since Greedy performs better on large instances and worse on small
ones, it is penalized with a higher deviation even though it has reduced the
Average.

On the other hand, the Greedy* algorithm with redundant vertices elimina-
tion shows even better results than the Greedy algorithm. With a slight increase
in execution time, it obtains the best value in 46 out of the total 49 instances,
leaving the rest of the proposals behind in terms of objective function value and
deviation. This shows that the process of eliminating redundant vertices con-
tributes positively in the proposal. Consequently, the Greedy* method is chosen
to validate the ¢ size of holes within the PLS.

In order to obtain the best configuration of the PLS, two runs have been
performed with different values of the § parameter, collected in Table 3. These
values have been 2 and 3, since § = 1 would only eliminate itself and values of
6 > 3 could eliminate the solution almost completely as a consequence of the
small world property of networks.

Table 3. Comparison of different values for the § parameter in the piercing phase.

) Average | Time (s) | Dev. (%) | # Bests
1| 621659.84 2.87 4.25 3
2| 565363.71 252.13 0.13 40
31565325.10 675.54 0.54 13

With this experimentation, we can observe that, although with a value § = 3
we obtain a slight improvement in terms of the average value of the objective
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function, the results with § = 2 have a smaller deviation and a higher number
of better solutions with a notably lower time. This is important since, for large
instances, the shorter the time required for local search, the more iterations of
BVNS can be performed, allowing better solutions to be found.

In order to find the best configuration of the parameter « in the
RGA construct, five runs have been performed with § = 2 and a =
{0.00,0.25,0.50,0.75,1.00} plus a sixth run & = RND where a uniform random
value in a = [0.00, 1.00] is generated for each new construct. The execution time
considered remains one hour for all configurations except for « = 0.00 which,
being a greedy construct, always starts from the same initial solution and one
execution per instance is required. The results obtained are shown in Table 4.

As can be seen, the value a = 0.00 is the one that has obtained the best
average, with a shorter time, since its generative criteria is totally greedy. Alter-
natively, the execution with o = 1.00 has obtained a higher quality in terms
of better results per number of instances, but obtaining a high average value
compared to the rest of the results, which suggests a good performance in small
instances, but a weakness with large instances.

Table 4. Comparison for the best configuration of the o parameter in the shake phase
for reconstruction.

! Average | Time (s) | Dev. (%) | # Bests
RND| 593147.63 | 3600.23 0.44 5
0.00 | 565363.71| 252.13 1.30 6
0.25 615990.47 | 3600.16 0.51 12
0.50 593060.12 | 3600.17 0.35 15
0.75 579615.39 | 3600.22 0.25 14
1.00 643084.12 | 3600.26 0.63 24

It has been decided to use the o = 0.75 configuration since, in addition to
obtaining a competent quality with respect to the two previous « values men-
tioned above, the best deviation with 0.25% and the second best value in terms
of average objective function, it provides a large variability in the construction
phase.

As for the k. value, we used kpa.x = 1, where 1 is the number of nodes,
since higher k.« was time-consuming and results in worse results.

3.2 Comparison with the State of the Art

Once the best configuration of the implementation was obtained, a final experi-
mentation has been performed with a greedy initial solution construction, a ran-
domized greedy reconstruction with o = 0.75, a redundant vertex elimination,
and the PLS with two levels of expansion § = 2. In order to make a compar-
ison with the best state-of-the-art results obtained by the FastPIDS algorithm
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designed by Sun et al. [24], the execution time has been limited again to one
hour. Note that, compared to the previous study, we have just performed one
run instead of using the average of 10 runs. Table5 collects the results of this
comparison.

Table 5. Comparison of the state-of-the-art algorithm and our proposal.

Algorithm Average | Time (s) | Dev. (%) | # Bests
FastPIDS | 1023870.82 | 3600.00 0.01 190
BVNS 1038446.79 | 3600.03 1.26 18

The evaluation performed reflects that the previous algorithm obtains better
results in all the metrics considered, with a lower average value and achieving the
best results over 190 instances of the total of 196 instances evaluated. However,
the proposed metaheuristic solution obtains reasonable results, with a deviation
close to 1.26% and achieving better average in 6 of the instances. The obtained
results show how a metaheuristic design based on the combination of several
simple methods can show a competitive performance. The next section shows
some conclusions and future work described that raise promising ideas for further
improvement of these approaches.

4 Conclusion and Future Work

In this work, a BVNS approach has been proposed for the MPIDS problem in
social networks. An efficient construction phase has been designed that provides
a great variability in the process of obtaining initial solutions on which, in a later
improvement stage, it is possible to reduce considerably the size of the domi-
nance set. On the other hand, the proposed PLS generates local optima from the
given solutions in a reduced computation time. This constructive and improve-
ment phase, combined with the solution permutation in the BVNS metaheuristic,
offers competitive results with respect to FastPIDS.

Some future work derived from this research is to create new intelligent con-
structive movements [14], as well as studying some alternative greedy criteria to
obtain higher quality solutions in a reduced computation time. Finally, we plan
to perform a factorial experimentation using tools such as iRACE [15] to obtain
the best configuration of the algorithm, selecting the preliminary instances more
carefully [16].
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